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Abstract-Sometimes it may be desired to conduct a well test, or part of a well test with the 
well-bore pressure kept at a constant level. The objective of this paper is to present solutions 
to the radial diffusivity equation for cases involving constant well-bore pressures. Of interest 
are expressions, written for flow rate at the well-bore as a function of time, which are suitable 
for graphical analysis of measured flow rates during a conducted test, very much similar to 
the method of analysis of the constant production rate case in draw-down well testing. 
Example applications of the derived expressions are presented for some constant pressure 
test cases including a case consisting of a constant rate period followed by a constant 
pressure period. 
INTRODUCTION 
Constant flow rate tests are the common practice in draw-down well testing conducted to 
determine reservoir parameters such as permeability [l, 21. The method for determining 
permeability is quite simple, since the pressure behavior at the well-bore can be expressed in 
a simple closed form when the constant flow rate case is considered. The well-bore pressure 
is linearly dependent on log(t) (natural logarithm), so that when the measured pressure is plotted 
vs. log(r) (natural logarithm), a straight line occurs from which the permeability of the formation 
can be determined. Frequently it may be desired to have a similar method for analyzing a well 
test, or part of a well test, which has been conducted keeping the well-bore pressure constant. 
Solutions to the diffusivity equation for an infinite radial reservoir for the constant well 
pressure boundary condition have been presented by, among others, Van Everdingen and 
Hurst [3] and by Jacob and Lohman [4]. The latter paper includes a logarithmic approxi- 
mation of the solution valid for large times. A similar approximation is presented by Clegg 
[5]. Two new papers [6,7] consider the conversion of constant rate solutions to constant 
pressure solutions. 
This paper considers a method for obtaining approximate solutions for the constant 
pressure case. The solutions must be of a form readily adaptable to graphical analysis based 
on flow rates measured at the well, and should be valid for all possible time ranges of interest 
in normal well testing. 
*Present address: Dept. of Petroleum Engineering, University of Trondheim, Trondheim, Norway. 
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ANALYSIS 
The diffusivity equation describing pressure behavior in a radial reservoir may be written: 
(1) 
where P, r, 4, ,u, c, k and t are, respectively, the pressure, the radial distance, the porosity, 
the fluid viscosity, the total compressibility, the permeability, and the time. 
For a reservoir of infinite radial extent originally at a uniform pressure Pi, and at time 
zero a line source of strength q. is introduced at the origin, the solution for the well-bore 
pressure P,, may be written as in Matthews and Russell [l]: 
P,(t) = Pi - aq,[ - Ei( - &Kr;/4kt)] (2) 
where a = p/4Tkh, Ei is the exponential integral function, Y,,, is the well-bore radius, and h is 
the formation thickness. By redefining variables as: 
and 
P(i) = -Ei(-_pcr2,/4kt) (3) 
z = kt/&ucr2,, (4) 
(2) may be written as: 
P, - P,(T) = aq,I+). (5) 
For large times, the expression for P(z) reduces to: 
P(z) = In(r) - y + ln(4) (6) 
where y = 0.5772. . . . (Euler’s constant). By defining: 
t=42 exp(-2y), (7) 
(6) then becomes: 
P(t) = In(t) + y. (8) 
By denoting p(s) as the Laplace transform of P(t), (6) becomes: 
p(s) = -ln(S)/.r, 
(9) 
where s is the variable for Laplace transforms. 
The case of constant well-bore pressure may be considered as consisting of a series of 
constant flow rate cases (Van Everdingen and Hurst [3]). By using the principle of 
superposition one obtains: 
AP = aq,&) + a 
s 
;dq(t’) _ - 
- P(t - t’) dt’, 
o dt’ 
where AP is the cumulative pressure drop at the well-bore, q. is the flow rate at the beginning 
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of the case, P is the pressure for the constant rate case, and q is the flow rate for the constant 
pressure case. By redefining the flow rates as: 
cj = aq,,lAP (11) 
then, (10) becomes: 
1 = &P(t) + r 
;dq(t’) _ - 
dt’ P(t - t’) dt’. 
Jo 
Taking the Laplace transformation of (10) 
(Doetsch [S]) one obtains: 
l/s = fjop(s) + 
Constant pressure imposed initially-no skin 
(12) 
and making use of the convolution theorem 
[sq(s) - qolP(s). 
zone 
(13) 
Considering the case where constant pressure at the well is imposed initially, and 
substituting (9) into (13) one obtains: 
1 
q(s) = - - 
s In(s) 
which may be rewritten as: 
1 
4(s) = ~ 
s ln(l/s)’ 
Taking the inverse of (15) yields 
J 
m 
q(i) = Jo[2(tT)“.‘] 
0 J 9 
x-l 
-dx dz 
0 r(x) 
(14) 
(15) 
(16) 
where Jo(x) is the Bessel function of zero order and T(x) is the gamma function ofx. By changing 
the order of integration, one obtains: 
q(i) = J om(i)-x dx I-(1 -x)’ 
Making use of the following relationships [9]: 
J 
zz T(x) = px-’ exp( -p) dp, 
0 
and 
qx)r(i -x)= rc/sin(nx), 
the expression becomes: 
(17) 
(18) 
(19) 
(20) 
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Fig. 1. Dimensionless flow rate vs. log (T) (natural logarithm). 
q(i)= s a, exp( - 1.261rx) dx 0 x[ld(x) +7j. * (21) 
(21) may be expanded in a series (see the formula of Ramanujan in Hardy [lo, 1 I]) and 
subsequently integrated by parts. However, it is not readily apparent how such an expansion 
can be transformed to a form that easily lends itself to graphical analysis as can the solution 
for the constant rate case. Therefore, an attempt was made to investigate (21) numerically. 
The equation was integrated numerically for a number of values of 7 and plotted against natural 
logarithm of 7, as presented in Fig. 1. By using a least-squares curve fitting technique, (21) 
was found to be approximated by a function of the form: 
g(r) = A0 -t &(1/T) (22) 
where the values of the constants Ao, B,, and v depend on the accuracy and range required. 
Two sets of values are provided below in order to cover all times that normally would be 
of interest. The errors in the flow rate calculated using these values are less than 1% in the 
entire ranges given. 
and 
q(2) = 0.0500f 0.313(1/r)“.2W3 for lo2 < z < lo6 (23) 
q(z) = 0.0250 + 0.183(1/r)“~1”o f r 4 * lo4 < z < 1012. (24) 
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In Darcy units, the corresponding equations become: 
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q(t) = 0.628(kh/p)(Pi - P,)[l + 6.27(&~r;/kt)~~~~~] 
for lo2 d kt/4pcr’, < 106, (25) 
and 
‘q(t) = 0.314(kh/p)(Pi + 7.32(~pcr’,/kt)“.‘“] 
4. < ktl4pcri < 1012. 
Conversion to practical (oil-field) units yields: 
q(t) P,)[l + 
for 3.8.10’ kt/&cr2, < 109, 
(26) 
and 
q(t) O.O00354(kh/@)(P, - + 17.2(~~cr2,/kt)0~10401 
1.5. lo* kt/&cr$ < 10”. (28) 
observed flow may be vs. (l/z)’ a straight The reservoir 
may be from the of the line. 
Example 
Appendix D [ l] presents example calculations for draw-down analysis with constant well 
flow rate. The reservoir data are given as follows: viscosity (p) = 1 .O cp, porosity (4) = 0.14, 
formation thickness (h) = 8 ft., radius of well-bore (r,) = 0.33 ft., initial reservoir pressure 
(Pi) = 1895 psia, and formation volume factor (B) = 1.25. Using these parameters in a 
numerical model, a well test was simulated where the well-bore was maintained at 1500 psia. 
Fig. 2 presents the flow rate vs. (l/t)” for the simulated test. The lower horizontal scale of 
the figure is for v = 0.1040, and the upper scale for v = 0.2043. For v = 0.2043, the slope of 
the straight line portion of the curve is 104, and the intercept at infinite time is 172. Using 
(27) the permeability may be calculated from either one of the following two equations: 
O.O239(kh/@)(P, - P,)(~pcr2,/k)“~2”3 = 104 
yielding 
or 
yielding 
k = 96, 
O.O00708(kh/,uuB)(P, - P,) = 172 
k = 96. 
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Fig. 2. Flow rates vs. (l/f)’ for constant well pressure test-no skin zone. 
If (28) was to be used instead, the slope and intercept for the curve where v = 0.1040 car 
be seen to be 191 and 86, respectively. The following relationships may be applied: 
O.O0609(kh/,~B)(P, - Z’,)(&~r2,/k)~~‘~ = 191, 
yielding 
or 
yielding 
k = 96. 
O.O00354(kh /@)(P< - P,) = 86, 
k = 96. 
Thus, both (27) and (28) yield the correct permeability of the simulated reservoir. For this 
particular case, the time ranges of validity are 0.001 hr. to 10.7 hrs. for (27), and 0.42 hr. to 
10’ hrs. for (28). As can be seen from Fig. 2, both the straight lines start to deviate around 
these time limits. 
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Constant pressure imposed initially-skin zone included 
Including a skin factor S, as defined in [l], (2) may be written as: 
P,(t) = P, - aqo[ -Ei( - 4,ucrQ4kt) + 2Sl. (29) 
It is convenient to redefine the dimensionless time as: 
r = (kt/4pcr2,) exp(2S). (30) 
After substitution of this dimensionless time into (29) and using (6) and (7) one obtains: 
q(r) = 0.0250 + 0.183(1/r)“‘040 for 4. lo4 < z d 10i2. 
Converting to Darcy units yields: 
q(t) = 0.628(kh/p)(Pi - P,)[l + 6.27 exp( -0.4086S)(&crt/kt)0.2”3] 
for 1 O2 d (kt /4pcr2,) exp(2S) 6 106, 
and 
q(t) = 0.314(kh/p)(Pi - P,)[l+ 7.32 exp(-0.2080S)(~pcr2,/kt)0~‘w] 
for 4. lo4 < (kt /@pert) exp(2S) < 10i2. 
In practical (oil-field) units: 
q(t) = O.O00708(kh/pB)(P, - P,)[ 1 + 33.8 exp( - 0.4086S)(4,ucri/kt)0.2043] 
for 3.8. lo5 d (kt/4pcr$ exp(2S) < 3.8. 109, 
and 
P(I) = In(i) + y 
which is identical to (8). The analysis is thus identical to the previous one, yielding 
q(r) = 0.0500 + 0.313(l/r)“.2043 for lo* < z d 106, 
and 
q(t) = O.O00354(kh/pB)(P, - P,)[l + 17.2 exp( -0.2080S)(~,ucr2,/kt)0~“‘@] 
for 1.5. lo* d (kt/&cr$)exp(2S) d 3.8. 10i5. 
Example application 
(31) 
(32) 
(33) 
(34) 
(35) 
(36) 
(37) 
Using the same data as in the previous example, and including a stimulated zone around 
the well-bore delined by: 
k= 96 md for r > 10.6 ft. 
227 md for r s 10.6 ft. (skin zone), 
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The arrow indicates I 
the ordinate axis. 
800 loiter time limit 
for Equation (37) 9 
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Fig. 3. Flow rates vs. (l/t)’ for constant well pressure test-including skin zone. 
The corresponding skin factor may be calculated as in [l]: 
S = [(k/k,) - 11 ln(r,lr,) = -2.0, 
where k, and rS are, respectively, the permeability of the skin zone and the radius of the skin 
zone; and k, = 227 md and I-, = 10.6 ft. The numerical model was run with these data, and 
the calculated flow rate plotted vs. ( 1/t)0.2W3 and ( llt)0.1040, as presented in Fig. 3. The slopes 
and intercepts at infinite time are written on the figure. Using (36), we have: 
O.O00708(kh I@?)(& - P,) = 172, 
and 
(172). 33.8 exp(-0.4086S)(~~cr2,/k)0~2043 = 235, 
yielding 
k = 96, s = -2.0. 
If (37) was used instead, we would have: 
O.O00354(kh/,&)(P, - I’,,,) = 86, 
and 
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(86). 17.2 exp( - 0.2080S)(~pcr,$/k)0~1040 = 289, 
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yielding 
k = 96, s = -2.0. 
Again, both the equations have yielded the input parameters of the numerical model. 
Checking the valid time ranges, one finds that in this case (36) is valid for a time range of 
0.058 to 580 hrs., and (37) for 23 to 5.8. 1O’hrs. 
Initial period of constant flow rate followed by a period of constant pressure 
Here the well is produced at a constant flow rate q. until time to. The pressure reached 
at this time, P,., is thereafter kept at a constant level. (10) is slightly modified to reflect a shift 
in the time axis: 
AP = aq,P(i + io) + a 
s 
;dq(t’) 
-P(i- t’)dt’, 
o dt’ 
where i is now the dimensionless time starting at to. 
Again nondimensionalizing q, and taking the Laplace transform of (38): 
lh = &~e(ln[(t + to) exp(r)l) + MS) - Q0lYMt ewWl1, (39) 
where ?Z is the Laplace operator. Since 
WnKt + to) exp(r)l) = (-6 exp(y) + exp(tG)Ei(st,)}/s , (40) 
(39) becomes: 
G(s) = &[I + exp(t,s)Ei(sro)/ln(s)lis. (41) 
Taking the inverse Laplace transform of (41) yields: 
q(i)=% 1 -Z-l 
i ( exp(t,s)Ei(st,) s ln( l/s) >i (42) 
where 9-l is the inverse Laplace transform operator. Again making use of the convolution 
theorem: 
I 
9 FI(W2(t - ~1 du =fdsI_f&), 
> 
(43) 
and letting 
fl(s)= 1 F,(i) = s p exp(-tx dx W’ 0 x[ln2(x) + rr’] (44) 
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f*(s) = exp(tos) * Ei(&), 
1 
F,(i) = _- 
t + To ’ 
then we obtain the following expression for dimensionless flow rate: 
i 
or 
q(T) = cjo 1 - T 
{ j 
* j 
Ic exp( - 1.261~) dx du 
0 7 + 70 - u 0 x&r*(x) + ~‘1 ’ 
(45) 
(46) 
(47) 
The second integral in the above expression was found previously to be approximated by 
the function: 
Ao + &(1/u)“, (48) 
and Ao, BO and v must be determined for this case. After substitution of (48), (47) becomes: 
or 
Q(T)/~~ = 1 - A0 
(49) 
(50) 
where 
.f = T/(7 + To). (51) 
The function inside the integration sign may be expanded in a series: 
xP(1 + x + x2 + x3 + ***) (52) 
and subsequently integrated to yield 
[(I + (To/T)]~ _i: (T/(7 + To))n/(Il - V). (53) 
TZ=l 
The above series is convergent for values of the argument T/(T + TV) less than 1.0. The sum 
of the series is tabulated in Table 1 for a range of argument values for the two values of v of 
interest here. (50) may then be written: 
ij(~)/& = 1 - Ao[l + (T/TO)] - BOT-' n$l hk + To)]"@ - ")a (54) 
In order to make the nomenclature clear, the time starting at to will in the following be 
denoted At. Then, by substitution of the nondimensionalized variables, the equations for the 
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Table I-Sum of infinite series 
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x Y, = 2 x”/(n - 0.2043) Y, = g zP/(n - 0.1040) 
??=I /I=, 
0.00 0.0000 0.0000 
0.05 0.8643 0.0572 
0.10 0.1316 0.1173 
0.15 0.2024 0.1806 
0.20 0.2770 0.2476 
0.25 0.3559 0.3186 
0.30 0.4396 0.3944 
0.35 0.5289 0.4754 
0.40 0.6247 0.5626 
0.45 0.7279 0.6571 
0.50 0.8400 0.7602 
0.55 0.9629 0.8736 
0.60 1.0990 0.9998 
0.65 1.2517 1.1423 
0.70 1.4261 1.3058 
0.75 1.6299 1.4982 
0.80 1.8761 1.7321 
0.85 2.1888 2.0316 
0.90 2.6222 2.4503 
0.95 3.3478 3.1590 
flow rate in Darcy units become: 
q(Ar)/q,, = 1 - 0.0500 In[ I + (At/to)] - 0.3 13 exp( -0.4086S)(~~~r~./kAt)0~2”4’ Y, [Ar/(t, + At)] 
for lo2 d (kAt/~~cr2w.) exp(2S) 6 106, (55) 
and 
q(At)lqo = 1 - 0.25 ln[l + (At/t,)] - 0.183 exp( -0.208OS)(+ u~rt./kAt)~~‘~‘~~ Yz(At/(to + At)) 
(56) 
for 
4. lo4 d kAt/4pcr2,) exp(2S) < 10i2. 
In practical (oil-field) units, the equations become: 
- 0.0500 ln[l + (At/t,)] - 1.69 exp( - 0.4086S)(~~~r~.ikA~)“.~04~ Y, [At/(&, + At)] 
(57) 
for 
and 
q(At)k, = 1 
3.8. lo5 < (kAl/4pcrf)exp(2S) < 3.8. 109, 
0.0250 ln[ 1 + (At/t,,)] - 0.431 exp( - 0.2080S)(~~~cr;?,./kAr)“~‘~“” Yz[At/(to + At)] 
(58) 
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1.5.10’ < (kAt/@pcri) exp(2S) d 3.8. 10”. 
For the purpose of graphical analysis of oberved flow rates, it is convenient to define flow 
rate functions as: 
QE’r(At) = (1 - 0.0500 ln[l + (At/to)] - q(At)lq,,}lY,[Atl(t,, + At)] (59) 
and 
QFz(At) = (1 - 0.0250 ln[l + (At/to)] - q(Ar)lqo}lYz[Atl(to + Ar)] (60) 
corresponding to (57) and (58), respectively. Then, by plotting the computed flow rate 
functions vs. ( l/At)0.2W3 and ( l/At)0.‘040, straight lines would result, provided the time is within 
the respective limits given above. The slopes of the straight lines may be used to calculate 
the permeabilities of the formation. However, since the straight lines are passing through the 
origin, the skin factor must be known before the permeability can be calculated. Or, if the 
permeability of the formation is known, the skin factor may be calculated. Generally, both 
k and S are unknowns, and additional data would be required for complete analysis. Since 
the constant period of this case is always preceded by a constant rate period, sufficient data 
would normally be available for determination of both k and S, in addition to a third 
parameter if required. 
Example application 
Another simulation of a well test was conducted using the same data as for the previous 
example. This time, however, the flow rate at the well-bore was held constant at 800 stb/day 
for 0.5 hr, and then the well-bore pressure was maintained constant until a total time of 5 hr 
had elapsed. Figure 4 presents the observed well-bore pressure vs. log(t) for the initial 
constant rate period. For this period, the following two equations may be written [l]: 
and 
k = 162.6(qoB/212h) = 96 
S = l.lS[(Pi - Pih’)/212 - log(k/+pc&) + 3.231 = -2.0. 
Figure 5 presents the flow rate functions as defined by (59) and (60) vs. (1/At)0.2043 and 
(1 /At)‘.lW, respectively. Using (57), the following relationship applies: 
1.69 exp( -0.4086S)(+pcr2,/k)0,2”3 = 0.0685. 
By using the value of the skin factor calculated above, the permeability may be calculated 
as: 
k = 96. 
Alternatively, (58) may be used: 
0.43 1 exp( - 0.2080S)(~pcr2,/k)0~1w = 0.0843 
yielding, for S = -2.0 
k = 96. 
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Fig. 4. Well bore pressure vs. log (t), (natural logarithm), for constant flow rate test. 
The armw indicates 
the ordinate axis- 
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Fig. 5. Flow rate function vs. (l/t)’ for a constant well pressure test following a constant rate test period. 
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CONCLUSIONS 
The radial diffusivity equation has been investigated for cases where the well bore pressure 
is held constant during well tests, and thus the flow rate is allowed to decline. 
By numerical integration and subsequent curve-fitting, expressions have been obtained for 
the flow rate vs. time for the case where a constant pressure is imposed in the well initially, 
with and without skin effects; and for the case where the constant pressure condition is 
preceded by a period of constant flow rate. 
The solutions are of a form well suited for graphical analysis of reservoir parameters, 
similar to the method employed for the constant flow rate test. 
Numerical simulations of well tests are used for verifications of the expressions and to 
show examples of their applications. 
NOMENCLATURE 
A, = derived constant 
a = p/4rckh 
B = formation volume factor, reservoir vol/st vol 
B. = derived constant 
c = fluid compressibility, vol/vol/psi 
Ei = exponential integral function 
h = formation thickness, ft. 
J,,(X) = Bessel function of zero order 
k = permeability, md 
k, = permeability of skin zone, md 
L = operator of Laplace transform 
L- ’ = inverse operator of Laplace transform 
In = natural log 
n = integer 
P = pressure, psia 
P = dimensionless pressure function 
P, = initial reservoir pressure, psia 
P,. = well-bore pressure, psia 
AP = pressure differential, psi 
q = flow rate, stb/day 
4 = dimensionless flow rate 
q. = constant well flow rate, stb/day 
QP, = function defined by (59) 
QF2 = function defined by (60) 
r = radial distance, ft. 
r, = radius of skin zone, ft. 
I-, = radius of well bore, ft. 
S = skin factor 
s = Laplace variable 
t = time, hrs. 
7 = dimensionless time 
t, = time of start of constant pressure period, hrs 
y = Euler’s constant = 0.5772. . . 
p = fluid viscosity, cp 
z = dimensionless time 
Constant pressure well tests 603 
v = derived constant 
4 = porosity (fraction) 
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